We analyze the dynamics of a weakly open Bose-Einstein condensate trapped in a double-well potential. Close to the self-trapping bifurcation, numerical simulations of the weakly irreversible one-dimensional Gross Pitaevskii equation reveal chaotic behaviors. A two-mode model is used to derive amplitude equations describing the complex dynamic of the condensate. DOI: 10.1103/PhysRevE.64.025202 PACS number͑s͒: 05.45.Ac, 89.75.Kd, 47.20.Ky, 03.75.Fi Seventy years after its prediction, Bose-Einstein condensation has been observed in trapped gases of rubidium ͓1͔, sodium ͓2͔, and lithium ͓3͔. The mean-field theory ͑Gross-Pitaevskii equation͒ has been quite successful in reproducing quantitatively many experimental observations ͓4͔.
where (x,t) is the condensate wave function, and V ext (x) ϭax 2 ϩb"exp(Ϫcx 2 )Ϫ1…, is the trapping potential. The coefficient c nl measures the interaction between the atoms of the condensate. The magnitude of the irreversible effects, which will be described later, is represented by ⑀.
A numerical simulation of Eq. ͑1͒ using finite differences discretization in space and a Crank-Nicholson scheme in time, shows that the condensate exhibits Lorenz-like chaotic behavior ͓5͔ ͑see Fig. 1͒ . This paper aims to explain such a behavior.
In the case of a condensate with attractive atoms, the selftrapping instability is the result of the competition between the focusing of the wave function of the ground state at the center of the trap and the repulsive effect of the energy barrier. In the case of a condensate with repulsive atoms, a similar competition occurs for the first excited state, the black soliton ͓6,7͔, which, in the absence of barrier, is also localized at the center of the trap. The self-trapping bifurcation is a reversible pitchfork bifurcation that leads to two stable nonsymmetric states.
This bifurcation was first predicted in the frame of a drastic truncation of the GP equation, the two-mode model ͓8-10͔. In order to check the prediction of this model, a detailed numerical analysis of the stationary solutions ⌿(x,t)ϭ f (x)exp(Ϫit) of the reversible Gross-Pitaevskii equation ͓⑀ϭ0 in Eq. ͑1͔͒ has been performed. The stability of the stationary solutions ͑Fig. 2͒ confirms the existence of a pitchfork bifurcation.
Although there is no rigourous reduction of the GP model to the two-mode model ͓8,9͔, such a model has been very useful in particular to predict the self-trapping bifurcation. In this letter we will use it as a toy model to investigate analytically the fate of the self-trapping instability in weakly open condensate. The two-mode model reads
where ⌿ 1,2 represent the ground-state amplitudes in the two wells, U measures the atomic interaction (UϽ0 in the attractive case and UϾ0 in the repulsive case͒, and K the tunneling coupling parameter. 
The invariance of these equations under the transformation →Ϫ, U→ϪU, ␦→␦, allows us to restrict our analysis to the attractive case (UϭϪ1) without loss of generality. The linearization of Eqs. ͑4͒ reads
The antiphase solution (ϭϪ1) is always stable in that case and the in-phase solution (ϭ1) loses its stability when K ϽK c ϭ. Close to the instability, the variables scale with the small parameter ϭ4K c (KϪK c ), which measures the distance from the instability threshold. The scalings are the following:
), and ϳO(). In the limit where →0, Eqs. ͑4͒ asymptotically reduce to
where ␦ϭ1/ͱ2K c u, ϭ1/2ͱ2K c 2 v, and ϭ1/4K c 2 w Ϫ1/8K c 2 u 2 . These equations catch the universal features of the selftrapping transition ͑See Fig. 3͒ . The instability can be achieved either by decreasing the coupling parameter K or by increasing the total number of atoms in the trap. This instability was depicted in ͓10͔, where the authors used elliptic functions to describe symmetric and nonsymmetric oscillations in the two-mode model. Equations ͑6͒ can be deduced directly from the GP model ͓11͔.
Inelastic collisions cause the decay of the condensate ͓12-15͔. Once the condensate is formed, there is a flux of particles from the nonequilibrium above-condensate cloud to the condensate that tends to maintain a fixed number of condensed atoms: this is the pumping process. These effects can be included in the GP equation giving Eq. ͑1͒ ͓16͔. The term ␥ ٌ 2 ⌿ represents diffusion. The corresponding modified two-mode model becomes
where
where ␣ represents the feeding rate of the condensate and ␤ 2 ͉⌿ 1,2 ͉ 2 , its decay rate induced by the inelastic two body collisions, and ␥ describes the irreversible small coupling between the condensates due to inhomogeneous effects and diffusion. The irreversible terms in the two-mode model can be computed from Eq. ͑1͒, using an ansatz based on two ground states of the isolated traps ͓9͔. computed from the eigenfunctions of the linearized GP equations ͓11͔.
As shown in ͓17͔, Eqs. ͑11͒ are equivalent to the Lorenz equations. They possesses complicated dynamical solutions that are likely to be observed in condensates. A typical solution of the weakly irreversible two-mode model is shown on Fig. 4͑a͒ .
The chaotic alternation between self-trapped states of opposite sign is a typical behavior of the Lorenz model. The plot of the successive maxima of the total number of condensed atoms reveals the chaotic structure of the Lorenz attractor ͓Fig. 4͑b͒ and Fig. 1͔ .
The origin of the chaotic behaviors can be understood qualitatively. The dissipation and the forcing affect dramatically the dynamics near the self-trapping instability. First the stationary self-trapped state is selected among all the solutions of the conservative dynamical system. Second, when the number of atoms becomes larger than a critical value, the self-trapped state can lose its stability because the density becomes so high in a given well that the dissipation leads to the drop in the number of atoms in the condensate. This effect tends to stabilize the symmetrical state where the number of condensed atoms grows again. But because of the inertia, the center of mass of the condensate can move to the other well. This dynamical process can continue forever, giving rise to oscillations of the center of inertia of the condensate in a potential well separated by an abrupt change to the other well.
Despite their weaker thermodynamical stability, trapped gases with attractive interactions appear to be one of the candidate for such an investigation, since in this case the ground state itself experiences the self-trapping instability. The number of atoms in the trap is supposed to be small enough for the quantum tunneling and the temperature effects to be neglected ͓18͔. Once the condensate is formed, a laser sheet with a very low intensity is applied in order to separate the condensate into two parts. As the intensity of the laser increases ͑the tunneling parameter of the two-mode model K decreases͒, the self trapping instability leads to a steady state characterized by different populations of atoms between the two condensates (ϭ " 0). As the intensity decreases further, a time-dependent regime that eventually leads to regular or chaotic alternation between the two self trapped states will appear. In the case of a trapped gas with repulsive interactions, the similar scenario should be observed when the initial state is a black soliton ͓6,7͔. The variation of the nonlinearity as proposed in ͓19͔ is another accurate experimental protocol that can be used in order to observe the chaotic behaviors described in this letter.
The value of the dissipative coefficients appearing in Eq. ͑1͒ are really difficult to estimate. The values of dissipation strongly depend on the temperature ͓20͔ of the condensate, but are smaller than one. For the simulation of Fig. 1, we took ⑀␣/ͱa ͑where ͱa is the frequency of the trap͒ equal to FIG. 4 . ͑a͒ Projection in the plane (Ϫ␦) of a typical chaotic solution of Eqs. ͑9͒ for parameters UϭϪ1, Kϭ1.175, ⑀ ϭ0.05, ␣ϭ1, ␤ 2 ϭ1, ␤ 3 ϭ0, ␥ϭ0.2; ͑b͒ Plot of the successive maxima of .
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0.06, which gives a time scale for losses close to the time scale observed in classical experiments ͓21͔. The intensity and the width of the laser sheet is easily tunable in experiment and it would be easy to adjust it in order to approach the self-trapping bifurcation. For the realistic value of Fig. 1 , the characteristic length and time scales can be seen on Fig.  1͑b͒ .
We have demonstrated that an open Bose condensate can experience a transition to chaos. Although most of our analysis is based on the approximate two-mode model, our conclusions are independent of this model. The nature of the irreversible effects ͑two-body or three-body recombination͒ is not crucial in our analysis, since they only contribute to actual values of the macroscopic friction parameters of the Lorenz equations.
Numerical simulations have been performed thanks to the NLKit software developed at the INLN.
